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Abstract 

Using a deformed calculus based on the Dunkl operator, two new deformations of 
Bessel functions are proposed. Some properties i.e. generating function, differential- 
difference equation, recursive relations, Poisson formula... are also given with de- 
tailed proofs. Three more deformations are also outlined in the last section. 

Introduction 

Dunkl operators on M. n have been introduced in [3]: roughly speaking, they are partial 
derivative operators perturbed by reflexions. Although they are not differential operators 
in the usual sense, they mutually commute as classical partial derivative operators do. 
They have been intensively studied both from an algebraic [H _S] [TU] and analytic [ITJ [2] 
point of view. 

In this article, we replace the derivation operator d/dx by the corresponding Dunkl 
operator: 

D>f(x) = ±f{x) +Ii f{x) -J { - X) (0.1) 
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where fi is a real parameter, and consider the corresponding intertwining operator V M . It 
is the unique linear operator such that o (d/dx) = o and V^(l) = 1 where 1 is 
the constant function equal to one. Applying this operator to the generating function of 
the classical Bessel functions J n , we obtain a first family J% of deformed Bessel functions. 
They verify a differential-difference equation of order 3, as well as recursive formulas and 
a Poisson formula. They also verify a deformed version of the "addition theorem" (12. 29 p . 
namely: 

oo 

TyJUix) = £ J£(x)JL k (v), (0.2) 
k=— oo 

where 

°° v n 

with [riln = n + / i (l ~ (~ l) n ) an d M/J = Mm^ - 1]^ • • • Letting /i going to zero gives 
back the classical Bessel functions. We also give a second family of deformed Bessel 
functions by directly modifying the Poisson formula (12.28)) . They also verify a differential- 
difference equation of order 3, but it seems there is no suitable addition theorem for them. 
Recursive relations are fulfilled, and the generating function is explicitly given. Moreover, 
a connection formula relating the jT^'s with their classical counterparts is easily given, 
whereas we haven't been able to give a similar formula for the first deformation. 

We give three other families of deformed Bessel functions in the last section, together 
with the corresponding generating functions. They are obtained by directly deforming 
the coefficients of the Taylor series expansion of the J n 's at the origin. Two among them 
verify recursive relations, but other properties of the classical Bessel functions do not seem 
to have their counterparts for these deformations. 

Acknowledgements: One of us (M. B. Z.) would like to thank Prof. B. Abdesselem and 
Dr. A. Yanallah for precious help and useful discussions. This work is partially granted 
by the project ANDRU/PNR/49/04/2011. 



1 Dunkl operator 

The Dunkl operator of index fi , fi > 0, is defined on all smooth functions / on K by 

£>„/(*) = ±f(x)+ / {x) ~ fi ~ X \ xeR. (1.4) 
dx x 

For more general Dunkl operators see [5]. This operator has the following properties 

Dlf(x) = f- 2 f(x) + 2 ^f(x)--^(f(x)-f(-x)), (1.5) 
p dx z x dx x A 

D»(fg)(x) = f(x)D„g(x)+g(-x)D l ,f(x) + f'(x)(g(x)-g(-x)) 1 (1.6) 
D„x n = [n] M x n -\ neN. (1.7) 



2 



where [n] = n + — (— l) n ). Obviously, [2m] M = 2m, [2m + 1] M = 2m + 1 + 2/i for any 
integer m, and when — > 0, [n]^ — > n. Let us define the deformed expenontial function 
by 



n>0 L J M 



where [n]^ = [n]^ [n - l] At ... [0] p ! = 1. Then we have 

D^E^Xx) = XE^x), A G C. (1.9) 
Recall the definition of the Pochhammer symbol: 

(a) k = ~~~7~t~^ = o(a + 1) ■ ■ ■ (a + fc - 1). (1.10) 
1 (aj 

Let us remark, using the following expressions [9]: 

2 2 -m!r(m + / i + i) ,, (/x + |) ro 

[2m] - = — n^H) — = (2m)! ^T' 

r9 , in 2 2m + 1 m!r(m + / i + f) > + \) m+l 

[2m + 1] ! = — ^ = (2m + 1)!— ^ , (1.11) 

that we can easily write E^x) under the form 

x 

= e *' F '(^ + l'- 21 )' (L12) 
where j Q is the normalized spherical Bessel function defined for a > — i by 



fc>0 



For our purpose let us recall the following important theorem ([3], [1]): There exists 
a unique linear isomorphism (called Dunkl intertwining operator) from the set of 
polynomials V n on R of degree less or equal than n onto itself such that: 

V^(l) = 1, and D^ = V^. (1.13) 



The operator has been extended by K. Trimeche to an isomorphism from C c 
onto itself satisfying the relations in f ll . 13[) (see [H]). It possesses the following integral 
representation: 

Vx G R, V,{f{x)) = —j— ! f(xt)(l - ty~\l + tYdt, f G C°°(R). (1.14) 

J-i 



We have 

V,(x n ) = 7 ' J * n =7^ n , (1.15) 

where [a\ stands for integer part of the real number a, and 

E,{x) = V»{e*). (1.16) 
The generalized translation operator r y , y G M. is defined by 

oo n 

r y / := i^yl^f = £ (1.17) 

n=0 ^ 

for all entire functions / on C for which the series converges pointwise. It possesses the 
following properties: 

+°° ..k +°° / \ 

V -g^>-g(,)/V-, d.«) 

where ( ? ] = r;1 , . We moreover have: 

\ k J [kW-ln-ky 

TyE^Xx) = E^\x)E^\y), A G C. (1.19) 

2 Background on the classical Bessel functions 

Let n G Z be any integer. The classical Bessel function of order n is given by: 

nl J ^ k\(k + n)\ \2J 

k>0 y 



— l) k /X\ 2fc + n 

1 /x\ n „ / — x 2 



In view of the relation: 



J_„l» = (-l)"J„(i), (2.21; 



we shall consider only J n for nonnegative n. The order n Bessel function is the solution 
of the following second-order linear differential equation: 

^ + x Tx + {x2 ~ n2) ) y{x) = °- (2 ' 22) 
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with boundary conditions J n (0) = 5q and J n (0) = The classical Bessel functions can 
be gathered into the generating function: 

' n=— oo 

The following recursive relations are satisfied: 

2j n (x) = J n _i(x) - J n+1 (x), (2.24) 

nJ n (x) = xJ n _i(x) - xj n (x), (2.25) 

nJ n (x) = xJ n+ i(x) + xj n (x), (2.26) 

as well as 

2n 

Jn-l(x) + J n +l{x) = —J n {x), (2.27) 

X 

which can be obtained by adding (12. 25ft and ( 12.26(1 . The Poisson formula is given by: 

J n(%) = — TTTTv IT / i 1 ~ s2 T~^ cos(sx)ds, (2.28) 



r(i)r(n + i) J_, 

The following addition theorem holds: 



J n (x + y)= Mx)Jn-M, (2.29) 



fc=— oo 



as one can easily see by using the generating function G(x + y,t). For more details on 
classical Bessel functions, see for example [U [7J IT2] . 



3 First deformation of the Bessel function 

We define the deformed Bessel function by 

J£{x) := V,(j n (x)), (3.30) 
where J n is the classical Bessel function. In virtue of (I1.15P we can write 

J"(z) ~ T ^ k{2k + n ^ ( X \ 2k+n (3 31) 

Using the ratio test, we easily verify that this series converges in the whole complex plane, 
and hence represents an entire function of x. The deformed Bessel function of order n is a 
solution of the following differential-difference equation based on the deformed derivative 
(Dunkl operator): 

(xD» - [n]^(xD fl - [-nU(x£> M + n + 2/x - 1) + x 2 (xD^ + n + = 0, 

(3.32) 
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where 



^ = 2 L— J"Wm={ !_ 2ai ifnG2 N+l • (3 - 33) 



In fact, 



„ v 2fc+n 
2, 

, 2fe+n 

, 2fc+n 

,2fc+n 



(xD, - H^xDp - [-n^ixDn + /3 n + 2fi- l))j£(z) = 
= E fc > fc ,K^y f (2fc + [n]„ - [n] M )(2* + [n]„ - [-n] /i )(2* + [n]„ + /3„ + 2/i - 1)) (f) 2fe+n 

= £*>«, efeSSSSfc (( 2 *)(2fc + 2 -)( 2fc + 2L^J + 2^ - i)) (|) ; 

= E fe >o (.-^S^y (4(2* + 2 L^j + 2„ - 1)) (f ) 5 
= -- 2 £*>o ^ggliSfn ((2* + 2 + 2[^J +2/i-l)) (§)' 

__JV (-l) fc (2fc+n)! / (2fc+n.+2)(2fc+n.+l) / , o I n+1 I i P., i -t\\ (x\'< 

— x l^k>0 fc!(fc+n)![2fc+n] M ! \j2fc+n+2] M [2fc+n+l] fl ^ ^ Z L 2 J T Af* ~T ±) J \ 2 ) 

- ,2T (~l) fc (2fc+n)! //„, o I n+1 I i 1\\ ( x\ 2k+n 

— x l^k>0 fc!(fc+n)![2fc+n] M ! \\ zfi ^ Z L 2 J" 1 " 1 ^^^ 

= -(z 2 (zP M + & + l))j£(z). 

It is easy to see, when /i = 0, the third order deformed differential equation (13.321) reduces 
to the second order Bessel differential equation f 1 2 . 2 2 j) . We have also: 

v (-l)*(2fc-n)! ( x\ ^-n 

kTn ~ ^ ^ ~ n V ^ 

^ (s + n)\s\ \2s + n] ! \2/ 

s >o ^ j m 



and hence: 



J^(x) = (-l)V£(aO, n = l,2,... (3.34) 
The generating function of the deformed Bessel function is given by: 



(1 \ +°° 



(3.35) 



This is obtained by applying the intertwining operator to the generating function 
G(x,t) for the classical Bessel function, with respect to the variable x, and using the 
relation fll . 16j) . For t — 1, we obtain the following relation: 



+oo 
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which can be also writen as: 

+00 

*)+2E^) = 1. (3-37) 

n=l 

If we take t = e %e in (I3.35f) we obtain: 

+00 

E^ixmnO) = J n( x ) ein6 - ( 3 -38) 

n=— 00 

This implies that: 

J£(x) = — f E J ix sin 6)e- ine d6. (3.39) 

The deformed Bessel function possesses the following recurrence relations: 

2D^(x) = J^x) - J% +1 (x), (3.40) 
nDpJjXx) = ■^(xJ»_i(x)-xD lt Jttx)), (3.41) 

nD^(x) = j-{xr n+1 {x)+xD,J^x)). (3.42) 
Summing up (I3.4ip and ( I3.42p we obtain: 

2nD„J%(x) = ^(1^(1) + xr n+1 {x)). (3.43) 

The three last equations (13.411) . (13.421) and (13.431) are not as simple as their classical 
counterparts ( 12. 25ft . ( 12.26D and ( 12.27ft . due to the fact that the deformed derivative 
differs from the ordinary derivative d/dx. The first relation is obtained by applying the 
Dunkl operator to the left and the right hand of (I3.35p . For the second one, we have: 



d , „ x x - {-l) k {2k + n)\ fx\i 



^ (-l) k {2k + n)\{2k + n) 1 p\2fe+n-i 
^ k\(k + n)\ [2k + n- lp 2 V 2/ 

^ (-l) fe (2A; + n)! 1 p\2fc+n-i 
W ^fc!(fc + n)! [2^ + 71-1^2 1 2/ 

nD„J%(x). 



The third one follows similarly. 
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A formula involving deformed Bessel functions with different superscripts is 

(xD fl + p n + 2v-l)J%(x) = (2/i-l)Jr 1 (x), (3.44) 
where (3 n is given in (13. 33ft . To prove this equality we use the fact 

a + k — 1 



[a k 



— —(a-l) k , (3.45) 

(X X 



which leads to: 



(2k + n)\ (aJifc+L^J 



[2k + n}^\ |) fe+L -±ij 



(M - |) fe+L ^J fc + L^J + M - 1 
{2k + n)\ 



[2k + n]„_i! k + L^J + ju 



i • 



and therefore: 



v (-l) fc (2fc + n)! /XN2fc+n 

1 ^ j *!(* + *)! [2* + ^1 v2, 
= (2 yU -l)Jr 1 (x). 

Using the fact: 

[2k + n)\ _ (Dk+L^J (l)L^J (L^J + Dfe 



[2fc + nLJ (//+i) fc+La ±ij (// + J) L «±ij (L^J +/i+|)fc' 



(3.46) 



the deformed Bessel function can be expressed in terms of the generalized hypergeometric 
function 1F2 as follows: 



2k+n 



ini M i v27 Efc!( n + l) fc (L^iJ+/. + i) fe V 4 

lF2 {n + l L^J '~T ' ' (3 - 47) 



8 



By applying the intertwining operator to the left and right hand of the classical Bessel 
function poisson formula (I2.28p . we obtain the /i- version of poisson formula 



(3.48) 

The deformed Bessel function J£(x) verifies the following analogue of the addition theorem 



TyJZix) = Yl J^K-M (3-49) 

k=— oo 

This follows immediately from the fact that: 

- ^ (f c - 1)) ^ (|(* - 1: 

or equivalently: 

+oo +oo +oo 

n=— oo n=— oo ra=— oo 

The result in ( I3.49P is obtained by equating the coefficients of t n . 

The deformed Bessel functions of order n have the following asymptotic form, as 
\x\ — > oo and | arg(x)| < | — e for some e > 0: 

J£(x) « - 27 (-) cos(x--(- + n + /i) 



r(n+S-i¥JW(S) V 2 

which is obtained by using the asymptotic formula of the generalized hypergeometric 
function iF 2 : 

r(/3)n! 



r(/3 - a)r(n + 1 - a 



(3.51) 



as \x\ —7- oo and | arg(x)| < | — e for some £ > 0, which is a special case of a general 
formula given by Luke [HI p. 203, Eq. (4)]. 
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4 A second deformation of the Bessel function 



We define a second deformation of Bessel function by using an other deformation of the 
poisson formula: 

WW ■= wTvfv T H / E,(isx)(l-s 2 r^ds. (4.52) 
i \n -+- 2J J-i 

Using the series representation of E^isx) we can easily write the function J£{x) as: 

JHx) - V ( ~ 1)fc(2fc)! r X V fc+n (4 53) 

which can also writen in terms of the generalized hypergeometric function 1F2 as: 

J ^ - s(f)"' F '(Li < 454 > 

We remark that J$(x) = Jq(x). The deformed Bessel function J%(x) is a solution of the 
deformed differential equation: 



{xD^ - [n] M )(zD^ - [-ri]^)(x^ - [n]„ + 2/x - 1) + x 2 {xD ll - [n] M + = 0. 

(4.55) 

In fact, 

{{xD, - [n],)(xD, - i-n],)(xD, - [n], + 2^ - l))j%{x) = 

= £ fc > (W)( 2fc + 2 ™)( 2fc + ^ ~ !)) (I ) 2fc+n 

= V (-i)*(2fc)! f4(2£; + 2u- 1)) (*) 2k+n 

l^k>0 (fc-l)!(fe+n-l)![2fe] M ! ^ Z P L > ) \2) 

= Efc>0 fc!(fc|i)![ 2 fc fc+ 2 2]' M ! (( 2/c + 2 + 2 f* ~ *)) (f ) 

__JV (-l) fc (2fc)! / (2fc+2)(2fc+l) / 9 , r, , n A / g \2fc+n 

— x l^k>0 fc!(fc+n)![2A:] M ! ^ [2fc+2] M [2fc+l] M v ' ) J \2) 
__ 2V- (-l) fc (2fc)! /», ^ / B x2fc+n 

— x Z^fc>0 fc!(fc+n)![2fe] )1 !V ZR ' ^ 1 M2/' 

= -x 2 (x J D M -[n] M + l)J>(x). 

The generating function of the deformed Bessel functions J^{x) for n > is given by: 

( 1 v +OO 

-|) = ^(^) + E J "«( a; )( r + (- 1 ) nrn )- ( 4 - 56 ) 
2 n=l 

In fact, let us take 



2fc+n 



1 \ +°° 
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To calculate the coefficients c n (x), we multiply the power series 

( xt\n 



n>0 



i 

i+5 ' " ^n!(//+i) n V 2t7 

and then combine terms containing identical powers of t. As a result, we obtain 

c n = J£(x), n = 0,1,2,.., 

c n = n = -l,-2,.., (4.60) 

which implies (I4.56p . The deformed Bessel function J^[x) possesses the following recur- 
sive relations 

xDpJftx) = xJ^W + l-n^Jftx), (4.61) 

(x^-n)(j» +1 (x)+J^ 1 (x)-^^Jj;(x)) = -^J£{x). (4.62) 
\ ax J \ x J x 

Indeed, for the first one we have: 

(xD -\-n])J»(x) = ^ (-l) fc W!(2fc + 2n) 

1 " [ fc!(A; + n)![2fc] M ! v27 

-l) fc (2fc)! /X\2fc+"-l 



^(fc + n-l)!^! V2"J 



For the second one, we have: 



j: + x(x) + jut?) - 



X 



V (~l) fc (2A:)! f fc[2fc-lU2% ] ( xy^n-i 

2^k\(k + n)\[2kl\\ (2*-l)(2*) + n + ^v 2 J 

^ £;!(£; + n)! [2fc] ! ^~2A; - V \2 



k>0 



and after applying the operator x— n, we easily retrieve the relation (14. 62ft . 

ax 
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Using the fact that: 

1 F 1 ( a b ;x^=e* 1 F 1 ( b - a --x^ (4.63) 

we can write: 

g"(x,t) = G(x,t) 1 F 1 (P 1 ;£) (4.64) 

which gives a connection formula between the deformed Bessel function and the classical 
one: 

^w-E^V(f) l ^w- (*■«) 



fc>0 2 



As above we can prove the following formulae involving deformed Bessel functions Jn{x) 
with different superscripts : 



(xD li -[n] li + 2»-l)J£(x) = (2^-l)jr\x) J (4.66) 



as well as: 



Jti(*)-JM*) + 2j^j£}(*) = 2 ^W(x), (4-67) 

The function J£{x) has the following asymptotic form, as \x\ — > oo and | arg(x)| < | — e 
for some e > 0: 

~ 7^(2) coslx--(- + n + i2) 



s^d)" 1 - (469) 



r(n + |)r(i) 

5 Other possibilities of deformation 

5.1 Three other versions of the deformed Bessel functions 

We give three more deformations of the classical Bessel functions, with partial analogues 
for the set of formulae (12.241) to (12.27p . A complete analogue of all formulae together does 
not seem to be available. 

First deformation: 

- £^(ff + ". (-> 

fc>0 L JM 
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+oo 



Generating function : e^E^(-^j = J n ,fl) (x)t n . (5.71) 

n=— oo 

Recursive relation: xD^J^\x) = -xj£${x) + \n]^J^\x) (5.72) 
Second deformation: 



[*]„!(* + n)! \2 



fxt\ 

Generating function : £ M ( y J e"^ = ^ j£ 2 'W(a;)i n . (5.74) 

^ ' n=— oo 

Recursive relation: xD^J^\x) = xJ^\x) - n (x) (5.75) 
Third deformation: 



fc>0 



Generating function: ^ f y") (~) = £ (x)t n . (5.77) 

^ ' ra=— oo 

6 Appendix: hypergeometric functions 

The generalized hypergeometric function p F q is defined by the series 

P f a i «2 ••• a p \ _ ^ (ai) n (a 2 ) n ...(ap) n x n 
«lfei ft. ... b' X I ~ 2^ (h,Y.(h n Y. (h.X. r,.\ [ ' 



p q \h b 2 ... b q > J ^ (6!) n (62) n ...(6 p ) n n! 

It can be shown that the series converges for all x if p < g, converges for |x| < 1 if 
p = q + 1, and diverges for all x 7^ if p > q + 1. It is a solution of the differential 
equation: 



x l + a ) - (*s + a ») » - i { x i + 61 - x ) ■■■ (*i + h - ~ 1 ) » = (679) 



The following differential recursive equations hold: 
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ai + 


1 


"2 




V 


h 




b 2 






a i 




CI 2 




a p 


h- 


1 


b 2 




K 


a 2 + 


1 




Clp 


■f 1 


b 2 + 


1 




b q - 


f 1 



x 



(x£ + fll ) p F q ^ 2 - = a lp F q \ 

d_ p ( a l a 2 ■■■ a p \ ai ...a p p / fll + 1 ^ 

^p'V&i 6 2 ... & 9 ' y bi - 6 « p q \ by + * 

Special cases of hypergeometric functions are for example: 

e*= ^o(:;z), (6.80) 

(l-x)- a = iFo^ ;a:V (6.81) 

The Bessel function of order v can be expressed in two different ways as a hypergeo- 
metric function: 



r(i/ + 1) 1 1 V + 1 

For a detailed account, see for example [HI [7], or any textbook on special functions. 
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